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A MODIFICATION OF NAMBU’S MECHANICS
PETER VARGA
Abstract. The Poisson, contact and Nambu brackets define algebraic struc-
tures on C∞(M) satisfying the Jacobi identity or its generalization. The au-
tomorphism groups of these brackets are the symplectic, contact and volume
preserving diffeomorphism groups. We introduce a modification of the Nambu
bracket, which defines an evolution equation generating the whole diffeomor-
phism group. The relation between the modified and usual Nambu brackets is
similar to the relation between the Poisson and contact structures. We briefly
discuss the problem of quantization of the modified bracket.
1. Introduction
In 1973 Nambu constructed a generalization of Hamiltonian mechanics [14]. He
defined a dynamical system on R3 by the trilinear Nambu bracket:
df
dt
= {H1, H2, f} = ∂(H1, H2, f)
∂(x, y, z)
= LH1,H2f, (1.1)
where the third term is the Jacobian of (H1, H2, f) with respect to (x, y, z), and
LH1,H2 is a vector field on R
3. The flow φt generated by LH1,H2 is a canonical
transformation in the sense that
{H1 ◦ φt, H2 ◦ φt, f ◦ φt} = {H1, H2, f} ◦ φt (1.2)
is satisfied. Since the Nambu bracket can be defined in terms of the volume
form of R3 (1.2) holds for any volume preserving transformation φt, and indeed
divLH1,H2 = 0. So Nambu dynamics is related to volume forms and volume pre-
serving transformations just as Hamiltonian dynamics relates to symplectic two-
forms ω and symplectic transformations leaving ω invariant.
Our main result is the introduction of a new bracket which generates transfor-
mation φt satisfying (1.2) although φt does not leave the volume form invariant. In
some sense, the new bracket generates the whole diffeomorphism group. At the first
sight the existence of such bracket seems to be unlikely, since no tensor is invari-
ant under the action of the diffeomorphism group. However, the existence of the
group of contact transformation and the contact bracket shows that strict invari-
ance might be unnecessary, as contact transformations carry the contact one-form
α into its scalar multiple fα. The volume form ν behaves the same way under the
action of a general diffeomorphism φt: φ
∗
t ν = fν. As the space of top dimensional
differential forms at a point is one dimensional, the existence of f is completely
trivial!
We construct a trilinear bracket
[ , , ] : C∞(R2)⊗ C∞(R2)⊗ C∞(R2) −→ C∞(R2) (1.3)
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(called the modified Nambu bracket) which fulfills (1.2):
[H1, H2, f ]mN = H1{H2, f} −H2{H1, f}+ f{H1, H2}. (1.4)
({, }is the standard Poisson bracket on R2.) The vector fields LH1,H2 defined by
LH1,H2f = H1{H2, f} −H2{H1, f} (1.5)
generates the whole diffeomorphism group. Just as the Nambu bracket (1.1), this
construction can generalized to Rn.
To put our work into perspective, in Section 2 we briefly review the properties
of the Poisson, contact and Nambu brackets. In Section 3 we study the modified
Nambu bracket. Section 4 present an embedding of the modified Nambu dynamics
into Nambu’s original one. Section 5 contains some remarks on the problem of
quantization of the new bracket.
2. Brackets on C∞(M).
In this section we review the properties of the Poisson, contact and Nambu
brackets.
The most well-known bracket is the Poisson bracket on symplectic manifolds
(M2n, ω) where ω is the symplectic two-form:
{f, g}P = η(df, dg). (2.1)
The two-vector η is the inverse of the map ω : TM → T ∗M , defined as ω(X) = iXω.
The Poisson bracket satisfies
{f, g}P = −{g, f}P , (2.2)
{f, {g, h}}P = {{f, g}, h}P + {g, {f, h}}P , (2.3)
{f, gh}P = {f, g}h+ {f, h}g. (2.4)
Leibniz’s rule (2.4) implies that {f, g} = Xfg (Xf ∈ TM). As a consequence of
the Jacobi identity (2.3) φHt = exp tXH satisfies
{f ◦ φHt , g ◦ φHt } = {f, g} ◦ φHt . (2.5)
(2.5) holds since ω (and η) is invariant under the flow φHt .
The next case is the contact bracket [12] . It is defined on contact manifolds
(M2n+1, α) where α is the contact one form (α ∈ Λ1M,α∧(dα)n 6= 0). The contact
one-form is defined only up to a scalar factor, so the contact structure is more in-
variantly defined by the field of 2n dimensional planes annihilating α. The infinite
dimensional contact transformation group leaves the plane field invariant, and car-
ries α into fα for some f ∈ C∞(M2n+1). By a suitable coordinate transformation
α can be put into its normal form
α = dx2n+1 +
n∑
i=1
xidxi+n. (2.6)
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In this coordinate system the contact bracket is
{f, g}cont =
n∑
i=1
(
∂if∂i+ng − ∂ig∂i+nf
)
+
(
∂2n+1f
2n∑
i=1
xi∂ig − 2g
)
(2.7)
−
(
∂2n+1g
2n∑
i=1
xi∂if − 2f
)
.
(2.8)
(2.7) satisfies the Jacobi identity but not Leibniz’s rule since (2.7) has the structure
{f, g}cont = K(f)g + c(f)g = H(f)g, (2.9)
where K(f) ∈ TM and c(f) ∈ C∞(M), and the appearance of the multiplier term
c(f) is incompatible with Leibniz’s rule.
The theory of Jacobi manifolds unifies the concepts of symplectic and contact
manifolds [13]. The Jacobi bracket is given by
{f, g}J = η(df, dg) + fEg − gEf, (2.10)
where the η ∈ Λ2TM bivector and the E ∈ TM vector field satisfy compatibility
conditions necessary for the fulfillment of the Jacobi identity
[η, η] = 2E ∧ η, [E, η] = LEη = 0, (2.11)
where [ , ] is the Schouten-Nijenhuis bracket [17]. Jacobi manifolds are locally de-
composable into an union of symplectic and contact leaves.
A more recently introduced bracket operation is the generalized Nambu bracket
on Rn:
{ , . . . , } : C∞(TRn)⊗n −→ C∞(TRn)
{f1, f2, . . . , fn}N = ǫi1...in∂i1f1 . . . ∂i1fn = η(n)0 (df1, . . . , dfn), (2.12)
where ǫ is the alternating Levi-Civita symbol. The Nambu bracket satisfies
{f1, . . . , fi, . . . , fj , . . . , fn}N = −{f1, . . . , fj , . . . , fi, . . . , fn}N ,
(2.13)
{H1, . . . , Hn−1, gh}N = h{H1, . . . , Hn−1, g}N + g{H1, . . . , Hn−1, h}N ,
(2.14)
{H1, . . . , Hn−1, {g1, . . . , gn}N}N =
n∑
i=1
{g1, . . . , {H1, . . . , Hn−1, gi}N , . . . , gn}N .
(2.15)
At this point we remark that different generalizations of the Jacobi identity gained
some popularity recently [10, 2, 3, 4, 15]. Just as for the Poisson-bracket, (2.14)
ensures that
{H1, . . . , Hn−1, g}N = XH1,...,Hn−1g, (2.16)
for some vector field XH1,...,Hn ∈ TRn. Since the Fundamental Identity (FI) (2.15)
holds [16, 9], φt = exp tXH1,...,Hn is a canonical transformation (an automorphism
of the bracket):
{f1, . . . , fn}N ◦ φt = {f1 ◦ φt, . . . , fn ◦ φt}N . (2.17)
Indeed, (2.15) is the derivative of (2.17). As
divXH1,...,Hn−1 = ∂in
(
ǫi1...in∂i1H1 . . . ∂in−1Hn−1
)
= 0, (2.18)
4 PETER VARGA
φt leaves the standard volume form ν0 = dx
1 ∧ · · · ∧ dxn invariant.
Nambu dynamics can be formulated in terms of the volume form ν instead of
the n-vector η. For that purpose, let us define νη by the condition νη(η) = 1. For a
given set of Nambu Hamiltonians H1, . . . , Hn−1 the vector field XH1,...,Hn−1 can be
obtained by the following process: First find n− 1 vectors X1, . . . , Xn−1 satisfying
〈Xi, dHj〉 = δi,j . Then XH1,...,Hn−1 is determined by the conditions
XH1,...,Hn−1Hi = 0, and νη(X1, . . . , Xn−1, XH1,...,Hn−1) = 1.
(2.19)
Since the Nambu bracket is determined by the volume form (2.18) implies (2.17) as
divergenceless vector fields leave the volume form unchanged. As on a manifold two
volume forms are equivalent if their total masses are equal, on Rn any nondegenerate
n-vector has the form η
(n)
0 in a suitable coordinate system.
The vector fields XH1,...,Hn−1 form only a subset of the Lie-algebra of volume
preserving transformations. Since
d
dt
(Hi ◦ φt) = 0, (2.20)
the orbits of Nambu dynamics are one-dimensional intersections of level-surfaces,
so if the motion is confined to a bounded region, then it must be periodic. The set
{XH1,...,Hn−1} is not even a linear space, as in general there are no F1, . . . , Fn−1
fulfilling XG1,...,Gn−1 +XH1,...,Hn−1 = XF1,...,Fn−1 for a given set of {Gi, Hi} func-
tions.Nevertheless (2.17) holds for any volume preserving transformations φvolprest ,
not just for φt = expXH1,...,Hn−1 .
3. The modified Nambu bracket
The General form of the Jacobi bracket (2.10) suggests the following generaliza-
tion of the Nambu bracket:
[f1, . . . , fn]mN = η(df1, . . . , dfn) +
n∑
i=1
(−1)i+1fie(df1, . . . , fˆi, . . . , fn),
(3.1)
where η and e are n and n − 1 vectors. This bracket is antisymmetric, but does
not satisfies the Leibniz identity. The Fundamental Identity imposes a set of com-
plicated consistency conditions on η and e. We prove that the following bracket on
C∞(Rn)satisfies the FI:
[ , . . . , ] : C∞(TRn)⊗(n+1) −→ C∞(TRn)
[f1, . . . , fn+1]mN =
n+1∑
i=1
(−1)i+1fiη(n)0 (df1, . . . ,
ˆ
fi, . . . , fn+1).
(3.2)
(η
(n)
0 is the standard Nambu tensor on R
n.)
For the sake of clarity, we present a proof first for the n = 2 case. Let {f, g}P =
η
(2)
0 (df, dg) the standard Poisson-bracket on R
2, and define the trilinear alternating
modified Nambu bracket as
[f, g, h]mN = f{g, h}P − g{f, h}P + h{f, g}P (3.3)
= f{g, h}P + g{h, f}P + h{f, g}P . (3.4)
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Our goal is to prove
[H1, H2, [f, g, h]mN ]mN = [[H1, H2, f ]mN , g, h]mN
[f, [H1, H2, g]mN , h]mN + [g, h, [H1, H2, f ]mN ]mN (3.5)
We introduce the shorthand notation
[H1, H2, φ]mN = Tφ = Lφ+Hφ. (3.6)
In this expression L = XH1,H2 = H1XH2−H2XH1 and H = {H1, H2}P , where XHi
is the Hamiltonian vector field generated by Hi with respect to the Poisson-bracket.
The divergence of L is
divL = −2H, (3.7)
so
LL(dx ∧ dy) = −2H(dx ∧ dy), andLLη2(0) = 2Hη2(0). (3.8)
We remark that the operator Ut = exp tTH1,H2 preserve the 2-norm of L
2(R2), since
d
dt
∫
h2 dx ∧ dy =
∫
h2LL(dx ∧ dy) + (Hh)2h(dx ∧ dy) = 0. (3.9)
To prove the Fundamental Identity we evaluate the left-hand (LHS) and right-hand
(RHS) sides of (3.5).(LL +H)(fη(2)0 (dg, dh))+ (cycl.perms.) (LHS1)
[(LL +H)f]η(2)0 (dg, dh)+ fη(2)0 (d(LL +H)g, dh)+
fη
(2)
0
(
dg, d
(LL +H)h)+ (cycl.perms.) (RHS1)
where cycl.perms. refers to the cyclical permutations of f, g and h. The terms
containing LLf, . . . , and Hfη(2)0 (dg, dh), . . . occurs the same way on both sides.
After the deletion of these terms the following expressions remain:
f
(LLη(2)0 )(dg, dh)+ (cycl.perms.) (LHS2)
fη
(2)
0
(
d(Hg), dh
)
+ fη
(2)
0
(
dg, d(Hh)
)
+ (cycl.perms) (RHS2)
These expressions are equal to
2Hfη
(2)
0 (dg, dh) + (cycl.perms) (LHS3)
2Hfη
(2)
0 (dg, dh) + gfη
(2)
0 (dH, dh) + hfη
(2)
0 (dg, dH) + (cycl.perms)
(RHS3)
However, the extra two terms of the RHS drops out. For example, hfη
(2)
0 (dg, dH) is
annihilated by fhη
(2)
0 (dH, dg) which is generated by hη
(2)
0 (d(Hf), dg). So LHS3 =
RHS3, consequently LHS=RHS, i.e. the Fundamental Identity has been proven.
The same line of reasoning works for the bracket on Rn ,too. To prove
[H1, . . . , Hn, [f1, . . . , fn+1]mN ]mN =
n∑
i=1
[f1, . . . , [H1, . . . , Hn, fi]mN , . . . , fn+1]mN
(3.10)
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we introduce
T = TH1,...,Hn =
n∑
i=1
(−1)i+1HiXH1,...,Hˆi,...,Hn + {H1, . . . , Hn}N = L+H,
(3.11)
whereXH1,...,Hn is the vector field defined by the conditionXH1,...,Hnf = [H1, . . . , Hn, f ]N .
The proof of 3.10 is very similar to the previous case. The difference between
the left-hand side (LHS) and the right-hand side (RHS) of 3.10 evaulates to 0:{
LHS
}− {RHS}
=
{(LL +H)
[ n+1∑
i=1
(−1)i+1fiη(n)0 (df1, . . . , dˆfi, . . . , dfn+1)
]}
−
{
n+1∑
i=1
(−1)i+1
[(LL +H)fi
]
η
(n)
0 (df1, . . . , dˆfi, . . . , dfn+1)
+
n+1∑
i=1
(−1)i+1fi
n+1∑
k=1,k 6=i
η
(n)
0 (df1, . . . , d(LL +H)fk, . . . , dˆfi, . . . , dfn+1)
}
=
{
n+1∑
i=1
(−1)i+1fi
(LLη(n)0 )(df1, . . . , dˆfi, . . . , dfn+1)
}
−
{
n+1∑
i=1
(−1)i+1fi
n+1∑
k=1,k 6=i
η
(n)
0 (df1, . . . , d(Hfk), . . . , dˆfi, . . . , dfn+1)
}
=
{
n+1∑
i=1
(−1)i+1fi(nHη(n)0 )(df1, . . . , dˆfi, . . . , dfn+1)
}
−
{
n+1∑
i=1
(−1)i+1fi
n+1∑
k=1,k 6=i
Hη
(n)
0 (df1, . . . , dfk, . . . , dˆfi, . . . , dfn+1)
}
= 0.
The FI means that T = L+H is a derivation (infinitesimal automorphism) of the
bracket. The proof of the FI used the fact that T is generated by the Hamiltonians
H1, . . . , Hn only for the computation of divL. Consequently any T = L + H is
a generator of an automorphism of the bracket if divL = −nH holds. So the
assignment V → TV = V − 1/n divV maps any vector field to an infinitesimal
automorphism of the modified Nambu bracket.
4. Embedding into Nambu’s dynamics
The Nambu bracket is a special case of the modified bracket:
{f1, f2, . . . , fn} = [1, f1, f2, . . . , fn]mN . (4.1)
In this section we study the reverse relation and express the modified bracket on
Rn with the help of the Nambu bracket on Rn+1.
The evolution equation of the modified Nambu dynamics
d
dt
f = [H1, . . . , Hn, f ]mN = (L+H)f (4.2)
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is not generated just by the vector field L but contains a scalar term H , too.
Nevertheless, by adding an extra dimension to the phase space, the evolution of
f can be described with a flow on the extended phase space. On the extended
coordinate system (x1, . . . , x2, l) the induced generator of the evolution is T
(l) =
L+Hl∂l. The flow of T
(l) deforms the surface l = f(x1, . . . , xn) just as the graph
{(x1, . . . , xn, f(x1, . . . , xn))} of f changes. Unfortunately, div T (l) 6= 0, so T (l) is
not a vector field generated by some Hamiltonians. However, if a new coordinate
system is introduced, where (x1, . . . , x2, l) is mapped to (x1, . . . , x2, k), k = l
n then
T (l) is mapped to T (k) = L + nHk∂k, which is divergenceless with respect to the
volume element dx1∧ . . . ∧dxn∧dk. T (k) is generated by the Nambu Hamiltonians
h1 = H1
n
√
nk, . . . , hn = H1
n
√
nk, (4.3)
as these Hamiltonians generate terms like
∂xi1
(
H1
n
√
nk
)
. . . ∂xin
(
Hn
n
√
nk
)
∂k,
∂xi1
(
H1
n
√
nk
)
. . . ∂k
(
Hj
n
√
nk
)
. . . ∂xij ∝ Hj∂xi1H1 . . . ∂xij (4.4)
The volume form ν(k) = dx1 ∧ . . . ∧ dxn ∧ dk and the functions hi can be pulled
back to the (x1, . . . , xn, l) coordinate system:
ν(l) = nln−1dx1 ∧ . . . ∧ dxn ∧ dl, h(l)i = n
√
nlHi. (4.5)
The Nambu (n+ 1)-vector corresponding to ν(l) is
η(l) =
1
n
l1−n∂x1 ∧ . . . ∂xn ∧ ∂l. (4.6)
η(l) and h
(l)
i , i = 1..n generate the desired flow T
(l) by the Nambu bracket on Rn+1.
The presented one dimensional extension of the phase space is very similar to the
symplectification of contact manifolds. We re-derive the previous result using the
framework of [1]. Let (M, η) be a Nambu manifold with n-vector η. Consider the
line bundle π : L → M where the fiber over a point x ∈ M is the set {λη(x), λ ∈
R+}. L is a subbundle of ΛnTM . (If η vanish at some points, we can discard
those points as there the value of the Nambu bracket is zero anyway.) Define the
function y ∈ C∞(L) by the conditions y(xi, λρ) = λy(xi, ρ), y(xi, η) = 1. The
one-homogeneous extension of f is f˜ = yπ∗(f). We introduce on L an (n+1)-vector
Nambu tensor η˜ by the condition
η˜(dy, df˜1, . . . , df˜n) = ˜η(df1, . . . , dfn). (4.7)
To prove the existence of η˜, we note that
η˜(dy, df˜1, . . . , df˜n) = y
nη˜(dy, π∗(f1), . . . , π
∗(fn)), (4.8)
so the following tensor satisfies (4.7):
η˜ =
1
yn−1
∂vert ∧ ηext, (4.9)
where ηext is any n-vector on L satisfying
ηext(dπ
∗(f1), . . . , dπ
∗(fn)) = η(df1, . . . , dfn), (4.10)
and ∂vert is a vertical vector such that ∂verty = 1 The ’pull-back’ ηext of η is
determined only up to terms containing ∂vert, but these terms drop out of (4.9)
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anyway. Now we define the modified bracket by
[f1, . . . , fn+1]mN (xi) = η˜(df˜1, . . . df˜n+1)(xi, η). (4.11)
Since η˜(df˜1, . . . d ˜fn+1) is one-homogeneous, the modified brackets inherits the Fun-
damental Identity from the Nambu bracket of L. (Leibniz’s rule is not inherited,
since it contains the product of two functions ruining one-homogeneity).
These constructions provide a second proof of the FI since we mapped the mod-
ified bracket onto the Nambu bracket which satisfies the FI. It show the possibility
of an action formulation for the modified Nambu dynamics [16].
5. On the quantization of the modified Nambu bracket
The quantization of the Nambu bracket is not a terribly well-defined task, let
alone the modified bracket. In this section we make a few remarks on the connection
between the quantization of the two brackets. Since the modified and the usual
Nambu mechanics can be embedded into each other it might be possible to induce
the quantization of the modified bracket from the usual one’s. Nevertheless, it
might be worth to see if it is possible to modify the constructions used so far for
the quantization of Nambu’s mechanics.
Nambu proposed a generalization of the Heisenberg commutation relation:
cI =
[
Aˆ1, Aˆ2, Aˆ3
]
=
∑
pi∈S3
ǫ(π)Aˆpi(1)Aˆpi(2)Aˆpi(3). (5.1)
Takhtajan [16] constructed a representation for this relation and its generaliza-
tion.This alternating product might be suitable for Nambu’s mechanics. However,
in the terms of the modified bracket [f, g, h] on R2 f, g and h play a somewhat dif-
ferent role, so probably the following ternary product might be more appropriate:[
Aˆ1, Aˆ2, Aˆ3
]
= ρ(Aˆ1)
[
Aˆ2, Aˆ3
]
+ ρ(Aˆ2)
[
Aˆ3, Aˆ1
]
+ ρ(Aˆ3)
[
Aˆ1, Aˆ2
]
,
(5.2)
where ρ is some linear functional.
Deformation quantization [5] of an algebra satisfying certain identities is a some-
what better defined task. For Nambu’s mechanics a quite novel approach was
developed in the papers [8, 9], while the straightforward generalization of Weyl’s
quantization does not seems to work very well. In our case, the analog of Weyl’s
quantization could be the following deformed triple product:(
e, f, g
)
m
h = π ◦ exp (hD)
(
e⊗ f ⊗ g)
D = ∂x ∧ ∂y ⊗ I + I ⊗ ∂x ∧ ∂y +
(
∂x ⊗ I ⊗ ∂y − ∂y ⊗ I ⊗ ∂x
)
, (5.3)
where π is the restriction to the diagonal. However, it is unlikely that this deformed
product satisfies the FI.
The n-norm preserving nature of the modified evolution equation deserve some
attention. Since neither the 1-norm nor the 2-norm is invariant, the usual proba-
bilistic an quantum mechanical interpretations might be inappropriate in this case.
Although the generator TH1,...,Hn of the evolution is a linear operator, in a theory
similar to quantum mechanics one can not expect to use linear operators if a p-
norms p 6= 2 need to be preserved. Indeed, the only linear operators leaving the
norm ‖x‖pp =
∑ |xi|p are basically the permutations of the basis vectors and sign
changes.
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The modified bracket has an interesting relation to cyclic cocycles [6]. On the
algebra C∞(M) of smooth functions of an n-dimensional manifold a cyclic cocycle
is given by
τ(f0, . . . , fn) =
∫
Mn
f0df1 ∧ . . . ∧ dfn. (5.4)
This expression is proportional to the integral of the modified Nambu bracket of
f0, . . . , fn over M
n for the Nambu n-vector η satisfying vol(η) = 1.
τ(f0, . . . , fn) =
1
n
∫
Mn
[f0, . . . , fn]dvol. (5.5)
As our last remark, we show that the space of abelian gauge fields Ai(x) over
a three-manifold carries a fairly natural Nambu structure. We define a trilinear
alternating bracket by
Ai(x), Aj(y), Ak(z) = c(x)δ
3(x− y)δ3(y − z), (5.6)
where c(x) is some nonzero function.This bracket can be extended for polynomial
functions ofA by Leibnitz’ rule. The FI is satisfied, since the three-vector generating
this bracket is the integral of the three-vectors
η(x) = c(x)
δ
δA1(x)
∧ δ
δA2(x)
∧ δ
δA1(x)
, (5.7)
and η(x) has the same form as the standard Nambu three-vector ∂1∧∂2∧∂3 on R3.
Gauge invariant functions form a closed subalgebra with respect to this bracket.
The variation δδ(x)Ai(y) = ∂xiδ(x − y) of A by a gauge transformation can be
expressed as
δδ(x)Ai(y) = ∂xiδ(x− y) =
1
4c(x)
ǫlmn{Flm(x), Am(x), Ai(y)}. (5.8)
If Φi[A], i = 1, 2, 3 are gauge invariant functionals, then so is Ψ[A] = {Φ1,Φ2,Φ3},
since the FI implies that
δδ(x)Ψ =
1
4c
ǫlmn{Flm(x), An,Ψ1}
=
1
4c
ǫlmn
(
{{Flm(x), An,Φ1},Φ2,Φ3}+ {Φ1{Flm(x), An,Φ2},Φ3}
+ {Φ1,Φ2, {Flm(x), An,Φ3}
)
= 0.
(5.9)
Unfortunately, the natural generalization of this bracket for nonabelian gauge fields
is not Nambu type:
{Aai (x), Abj(y), Ack(z)} = c(x)ǫ(x)fabcδ3(x− y)δ3(y − z), (5.10)
where fabc is the antisymmetric structure constant of a compact Lie-group, as this
bracket is symmetric in its arguments,
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